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ON THE INDEX OF
CONGRUENCE SUBGROUPS OF Aut(Fn)
DANIEL APPEL AND EVIJA RIBNERE
Abstract. For an epimorphism pi : Fn → G of the free group Fn
onto a finite group G we call Γ(G, pi) = {ϕ ∈ Aut(Fn) | piϕ = pi}
the standard congruence subgroup of Aut(Fn) associated to G and
pi. In the case n = 2 we present formulas for the index of Γ(G, pi)
where G is abelian or dihedral. Moreover, we show that congru-
ence subgroups associated to dihedral groups provide a family of
subgroups of arbitrary large index in Aut(F2) generated by a fixed
number of elements. This implies that finite index subgroups of
Aut(F2) cannot be written as free products.
1. Introduction
1.1. Main Results. Let Fn be the free group on n generators and
Aut(Fn) its group of automorphisms. Moreover, let pi : Fn → G be an
epimorphism of Fn onto a finite group G and let R be its kernel. As in
[5] we define
Γ(R) := {ϕ ∈ Aut(Fn) | ϕ(R) = R}.
Every ϕ ∈ Γ(R) induces an automorphism of Fn/R ∼= G. We call
Γ(G, pi) := {ϕ ∈ Γ(R) | ϕ induces the identity on Fn/R}
= {ϕ ∈ Aut(Fn) | piϕ = pi}
the standard congruence subgroup of Aut(Fn) associated to G and pi.
These subgroups are of finite index in Aut(Fn) (see Subsection 2.3).
A subgroup of Aut(Fn) containing some Γ(G, pi) is called a congru-
ence subgroup of Aut(Fn). We denote by Aut
+(Fn) the special au-
tomorphism group of Fn (see Subsection 1.3 for details) and write
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Γ+(G, pi) := Γ(G, pi) ∩ Aut+(Fn). The term congruence subgroup of
Aut+(Fn) is defined in the obvious way.
In [5] Grunewald and Lubotzky use the groups Γ(G, pi) to construct
linear representations of the automorphism group Aut(Fn). In their
concluding Section 9.4 they present, for some explicit G, the indices of
the groups Γ+(G, pi) in Aut+(Fn), which are determined by MAGMA
computations. However, their only general result in this context is
[Aut+(Fn) : Γ
+(Z/2Z, pi)] = 2n − 1.
In this paper we provide a first step towards a systematic study of
the groups Γ+(G, pi) and especially their indices in Aut+(Fn). We focus
on the case n = 2 and G abelian or dihedral. Our main results are
Theorem 1.1. Let G be a finite abelian group and pi : F2 → G an
arbitrary epimorphism. Writing G ∼= Z/mZ × Z/nZ with n | m one
has
[Aut+(F2) : Γ
+(G, pi)] = nm2
∏
p|m
(1−
1
p2
)
where the product runs over all primes p dividing m.
Theorem 1.2. Let pi : F2 → Dn be an arbitrary epimorphism of F2
onto the dihedral group Dn. Then
[Aut+(F2) : Γ
+(Dn, pi)] = 6n.
Moreover, Γ+(Dn, pi) is generated by four elements.
The Reidemeister method (see for example [8]) implies
Corollary 1.3. Any group commensurable with Aut(F2), contains sub-
groups of arbitrary large index, generated by a fixed number of elements.
In particular, finite index subgroups of Aut(F2) cannot be written as
free products.
The fact that Aut(F2) finite index subgroups of Aut(F2) cannot be
written as free products follows from the Kurosh Subgroup Theorem
[11]. Observe that the special linear group SL2(Z) behaves in this re-
spect very differently from the special automorphism group Aut+(F2).
For a bounded number of generators we cannot obtain subgroups of
arbitrary large index in SL2(Z). Moreover, SL2(Z) contains the finite
index subgroup 〈( 1 20 1 ) , (
1 0
2 1 )〉 which is free of rank 2.
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1.2. Comparison with SLn(Z). Let us describe the analogy between
congruence subgroups of Aut+(Fn) and congruence subgroups of SLn(Z).
A group of the form
Γ(m) = {φ ∈ SLn(Z) | φ ≡m In},
where m ∈ N and In denotes the identity matrix, is called a principal
congruence subgroup of SLn(Z). A subgroup of SLn(Z) containing some
Γ(m) is called a congruence subgroup. Note that SLn(Z) is in fact a
subgroup of index 2 of the automorphism group GLn(Z) of the free
abelian group Zn. Consider the natural epimorphism Zn → (Z/mZ)n.
Its kernel (mZ)n is invariant under every automorphism φ ∈ SLn(Z),
so that every φ ∈ SLn(Z) induces an automorphism of (Z/mZ)
n. One
easily sees that
Γ(m) = {φ ∈ SLn(Z) | φ induces the identity on (Z/mZ)
n}.
1.3. Detailed Discussion of Results and Strategies of the Proofs.
The automorphism group Aut(Fn) has a well-known surjective repre-
sentation
ρ : Aut(Fn)→ Aut(Fn/F
′
n)
∼= GLn(Z),
where F ′n denotes the commutator subgroup of Fn. Its kernel is denoted
by Tn and called the Torelli group. As one classically considers SLn(Z)
instead of GLn(Z), we shall focus on the special automorphism group
Aut+(Fn) := ρ
−1(SLn(Z)), which is a subgroup of index 2 in Aut(Fn)
(see for example [8]). We also set
Γ+(G, pi) := Γ(G, pi) ∩ Aut+(Fn).
This is a subgroup of index at most 2 in Γ(G, pi). Note that Tn ≤
Aut+(Fn).
Using the representation ρ we can write the index of Γ+(G, pi) in
Aut+(Fn) as a product of two other indices which are easier to compute.
See Subsection 2.5 for the proof.
Proposition 1.4. Let pi : Fn → G be an epimorphism of Fn onto a
finite group G. Then
[Aut+(Fn) : Γ
+(G, pi)] = [SLn(Z) : ρ(Γ
+(G, pi))] · [Tn : Tn ∩ Γ
+(G, pi)].
For the reminder we consider the case n = 2. A classical result of
Nielsen (see for example [8]) says that in this case the Torelli group is
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exactly the group of inner automorphisms, i.e., T2 = Inn(F2). This en-
ables us to prove in Section 2 that the quotient group T2/T2∩Γ
+(G, pi)
is isomorphic to G/Z(G), where Z(G) denotes the center of G. Hence,
for n = 2 we can derive the following from Proposition 1.4.
Corollary 1.5. Let pi : F2 → G be an epimorphism of F2 onto a finite
group G. Then
[Aut+(F2) : Γ
+(G, pi)] = [SL2(Z) : ρ(Γ
+(G, pi))] · [G : Z(G)].
In Section 3 we use the above result to determine the index of
Γ+(G, pi) in Aut+(F2) for abelian groupsG and thus prove Theorem 1.1.
Note that in this case the index depends only onG, but not on pi. To see
this, we prove that for any two epimorphisms pi1, pi2 : F2 → G, the con-
gruence subgroups Γ+(G, pi1) and Γ
+(G, pi2) are conjugate in Aut
+(F2).
Since G is abelian, we have [G : Z(G)] = 1. Hence, by Corollary 1.5
we only need to determine the index [SL2(Z) : ρ(Γ
+(G, pi))] for some
convenient choice of pi. We can choose pi such that ρ(Γ+(G, pi)) is the
classical congruence subgroup
Γ(m,n) = {( a bc d ) ∈ SL2(Z) | a ≡m 1, b ≡m 0 and c ≡n 0, d ≡n 1}
with n | m, whose index is described in Lemma 2.1. From our discus-
sions we can easily derive the index of the classical congruence subgroup
Γ(m,n) for arbitrary m and n (see Section 3).
Finally, in Section 4 we consider the case that G is a dihedral group
and prove Theorem 1.2.
1.4. Conjectures, Remarks and Related Problems.
(1) LetG be the non-abelian semidirect product of two cyclic groups,
G = Z/pZ ⋉ Z/qZ, where p and q are primes with q ≡p 1. We
conjecture that then the index of Γ+(G, pi) in Aut+(F2) is
|G| · [SL2(Z) : Γ(p, 1)] = pqp
2(1−
1
p2
) = qp(p2 − 1).
For p = 2 this coincides with the formula in Theorem 1.2.
(2) The congruence subgroup problem: is every finite-index sub-
group of Aut+(Fn) a congruence subgroup? For SL2(Z) this
problem is already solved. The answer is yes for n ≥ 3 (see [2],
[9]) and no for n = 2 (see [4]). However, it is still not clear what
the answer for Aut+(Fn) should be.
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Let us state some partial results for the case n = 2. So far we
can say that there are finite-index subgroups of Aut+(F2) that
do not contain any Γ+(G, pi), with G abelian or dihedral (see
Section 5). However, from Asada’s results in [1] it follows that
every finite index subgroup of Aut+(F2) containing Inn(F2) is
a congruence subgroup. To be more precise, Asada shows that
every finite-index subgroup of Aut+(F2)/ Inn(F2) =: Out
+(F2)
contains some group of the form
ker(Out+(F2)→ Out(F2/K))
where K ≤ F2 is a characteristic subgroup of F2.
(3) For which G and pi is the image ρ(Γ+(G, pi)) a congruence sub-
group of SL2(Z)? For abelian or dihedral groups G it always is,
but in general this is not true. A counterexample is given by
G = A5, the alternating group of degree 5. Moreover, A5 is the
smallest group with this property.
(4) As a generalisation of the abelian case, one might expect that
ρ(Γ+(G, pi)) is always a congruence subgroup, if G is solvable.
This turns out to be false. We found a solvable group G of
order 128 for which ρ(Γ+(G, pi)) is not a congruence subgroup
of SL2(Z) (see Section 5 for details). Computational results in-
dicate that ρ(Γ+(G, pi)) is always a congruence subgroup, if G
is metabelian.
(5) The group Aut+(F2) acts in a natural way on the set R2(G) :=
{ker(pi) | pi : F2 → G epimorphism} (see Subsection 2.3). This
leads to a classical question that was first asked by W. Gaschu¨tz
and B. H. Neumann (1950s): for which finite groups G is this
action transitive? The answer is of importance to us, because,
up to conjugation, Γ+(G, pi) depends only on the Aut+(F2)-
orbit of ker(pi) inR2(G). IfG is abelian or dihedral, the action is
transitive, but for G = A5 it is not. Indeed, different choices for
pi : F2 → A5 lead to congruence subgroups of different indices.
See also [5, Section 9.1] for more comments on this problem.
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2. Preliminaries
2.1. Congruence Subgroups of SL2(Z). Let pi : F2 → G be an
epimorphism of the free group F2 onto a finite group G. As the image
ρ(Γ+(G, pi)) is a finite-index subgroup of SL2(Z), we recall the notation
for congruence subgroups of SL2(Z). For m,n ∈ N let
Γ(m,n) := {( a bc d ) ∈ SL2(Z) | a ≡m 1, b ≡m 0, c ≡n 0, d ≡n 1}.
Then the principal congruence subgroup Γ(m) is exactly Γ(m,m). One
also writes Γ1(m) := Γ(m, 1) and Γ1(n) := Γ(1, n).
In our proofs we need the indices of these subgroups in SL2(Z). They
are known for Γ1(m), Γ1(m) and Γ(m) (see for example [3, 1.2]):
[SL2(Z) : Γ
1(m)] = [SL2(Z) : Γ1(m)] = m
2
∏
p|m
p prime
(1−
1
p2
),
[SL2(Z) : Γ(m)] = m
3
∏
p|m
p prime
(1−
1
p2
).
However, the literature does not seem to include a formula for the index
of Γ(m,n) for general m,n ∈ N. As we shall see, we only need it for
the case that n | m and we provide it in the next lemma. A formula
for the index of Γ(m,n) for arbitrary m and n is given at the end of
Section 3.
Lemma 2.1. Let m,n ∈ N such that n | m. Then
[SL2(Z) : Γ(m,n)] = nm
2
∏
p|m
(1−
1
p2
),
where the product runs over all primes p dividing m.
Proof. If A ∈ Γ1(m), then A ≡ ( 1 0∗ 1 ) modulo m. Since n | m this
implies A ≡ ( 1 0∗ 1 ) modulo n. It is now easily seen that the matrices
( 1 0k 1 ), 0 ≤ k ≤ n− 1, provide a coset representative system for Γ(m,n)
in Γ1(m) so that [Γ1(m) : Γ(m,n)] = n. The lemma follows. 
2.2. A Presentation of Aut+(F2). We use the fact that the group
Aut+(F2) is an extension of T2 = Inn(F2) by SL2(Z), i.e. the sequence
1 −→ T2 −→ Aut
+(F2)
ρ
−→ SL2(Z) −→ 1
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is exact. For an element w ∈ F2 let αw ∈ T2 be the inner automorphism
of F2 given by αw(z) = wzw
−1 for all z ∈ F2. The group T2 is free on
αx and αy. Further, the special linear group SL2(Z) has a presentation
SL2(Z) = 〈e1, e2 | e2e
−1
1 e2e1e
−1
2 e1, (e2e
−1
1 e2)
4〉,
where e1 and e2 represent ( 1 01 1 ) and (
1 1
0 1 ), respectively. Observe that
preimages of e1 and e2 under ρ are given by
u =
{
x 7→ xy
y 7→ y
and v =
{
x 7→ x
y 7→ xy,
respectively. By a result of Hall [7, Ch. 13, Th. 1] we can compute the
following presentation.
Aut+(F2) = 〈αx, αy, u, v | uαxu
−1 = αxαy, uαyu
−1 = αy,
vαxv
−1 = αx, vαyv
−1 = αxαy,
vu−1vuv−1u = 1,
(vu−1v)4 = αxα
−1
y α
−1
x αy 〉.
2.3. Dependence on the Epimorphism. For a finite group G and
n ∈ N we set
En(G) := {pi : Fn → G | pi is an epimorphism}.
Observe that En(G) is a finite set. The group Aut(G)× Aut(Fn) acts
on this set by
(φ, ϕ) · pi := φpiϕ−1 for φ ∈ Aut(G), ϕ ∈ Aut(Fn), pi ∈ En(G).
Then Γ(G, pi) is exactly the stabiliser of pi under the action of Aut(Fn).
Hence the orbit-stabiliser theorem yields
[Aut(Fn) : Γ(G, pi)] = |Aut(Fn) · pi|.
In particular, Γ(G, pi) has finite index in Aut(Fn). Moreover, up to
conjugation, Γ(G, pi) only depends on the orbit of pi under this ac-
tion. Since, as it is easily seen, Γ(G, pi) is invariant under the action
of Aut(G), we consider the set Aut(G)\En(G), which can be naturally
identified with
Rn(G) := {ker(pi) | pi ∈ En(G)}.
The induced action of Aut(Fn) on this set is given by
ϕ · R := ϕ(R) for ϕ ∈ Aut(Fn), R ∈ Rn(G).
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Indeed, if R = ker(pi), then ϕ(R) = ker(piϕ−1). It follows that, up to
conjugation, Γ(G, pi) depends only on the orbit of ker(pi) in Rn(G).
We remark that the analogous results to the ones in this subsection
also hold for Γ+(G, pi) and Aut+(Fn) replacing Γ(G, pi) and Aut(Fn),
respectively.
2.4. A Reduction to the Abelian Case. As before, let G be a
finite group and pi : Fn → G an epimorphism. We naturally obtain an
epimorphism p¯i : Fn
pi
→ G→ G/G′ = Gab. If we have piϕ = pi for some
ϕ ∈ Aut(Fn), then clearly p¯iϕ = p¯i so that
Γ(G, pi) ≤ Γ(Gab, p¯i).
2.5. Proof of Proposition 1.4.
Lemma 2.2. Let A,B,C be groups with subgroups A0, B0, C0, respec-
tively. Assume we have a commutative diagram with exact rows
1 // A
α
// B
β
// C // 1
1 // A0
?
OO
α0
// B0
?
OO
β0
// C0 //
?
OO
1
where the homomorphisms from the second row to the first one are the
inclusion maps and α0, β0 are the restrictions α|A0, β|B0, respectively.
Assume further that B0 has finite index in B. Then the indices [A : A0]
and [C : C0] are also finite and we have
[B : B0] = [A : A0] · [C : C0].
Proof. This result can be verified by diagram chasing. A complete
proof will be contained in the Ph.D. thesis of the first author. 
Let us consider the following commutative diagram where ρ is the
representation introduced in Subsection 1.3.
1 // Tn // Aut
+(Fn)
ρ
// SLn(Z) // 1
1 // Tn ∩ Γ
+(G, pi)
?
OO
// Γ+(G, pi)
?
OO
ρ
// ρ(Γ+(G, pi)) //
?
OO
1
The rows of this diagram are exact and the homomorphisms from the
second row to the first one are simply the inclusions. Applying the
above lemma to this diagram, we obtain Propostion 1.4.
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The following result for the special case n = 2 leads to Corollary 1.5.
Recall that Z(G) denotes the center of G.
Lemma 2.3. There is an exact sequence
1 −→ T2 ∩ Γ
+(G, pi) −→ T2 −→ Inn(G) −→ 1.
In particular [T2 : T2 ∩ Γ
+(G, pi)] = | Inn(G)| = [G : Z(G)].
Proof. For g ∈ G we define cg ∈ Inn(G) by cg(h) = ghg
−1 for all h ∈ G.
Let Φ : T2 → Inn(G) be the homomorphism given by Φ(αz) := cpi(z) for
all z ∈ F2. Since pi : F2 → G is onto, it follows that Φ is onto. We now
show that ker Φ = T2 ∩ Γ
+(G, pi).
Let αz ∈ ker Φ. Then cpi(z) = idG, i.e. pi(z)gpi(z)
−1 = g for all
g ∈ G. Hence piαz(w) = pi(z)pi(w)pi(z)
−1 = pi(w) for all w ∈ F2 so that
piαz = pi. This shows that αz ∈ T2 ∩ Γ
+(G, pi).
Now suppose that z ∈ F2 such that αz ∈ T2 ∩ Γ
+(G, pi). Then
piαz = pi so that pi(z)pi(w)pi(z)
−1 = pi(w) for all w ∈ F2. Since pi is onto,
it follows that pi(z) ∈ Z(G). Hence cpi(z) = idG, i.e. αz ∈ ker Φ. 
3. Congruence Subgroups associated to Abelian Groups
Let G be a finite abelian group and, as before, pi : F2 → G an epimor-
phism. Observe that this implies that G ∼= Z/mZ×Z/nZ where n | m.
Our aim in this section is to prove Theorem 1.1. From Corollary 1.5
we obtain
(3.1) [Aut+(F2) : Γ
+(G, pi)] = [SL2(Z) : ρ(Γ
+(G, pi))].
We thus only have to understand the image ρ(Γ+(G, pi)). It is known
that the action of Aut(F2) on R2(G) is transitive for abelian groups G.
See for example [10]. As we shall see now, already the Aut+(F2)-action
on this set is transitive. Hence we only need to understand ρ(Γ+(G, pi))
for a single epimorphism pi.
Lemma 3.1. Let pi : F2 → G be an epimorphism of F2 onto a finite
abelian group. Then Aut+(F2) acts transitively on R2(G).
In particular, up to conjugation, Γ+(G, pi) only depends on G but not
on the particular epimorphism pi.
Proof. We only prove the lemma for G ∼= Z/mZ×Z/nZ with 1 6= n | m.
The proof for cyclic groups is very similar.
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Observe that if pi(x) = g1 and pi(y) = g2, then
piu(x) = g1g2, piu(y) = g2, piv(x) = g1, piv(y) = g1g2.
Let us recall the basic fact that for a, b ∈ Z, we have 〈[a], [b]〉 =
〈[gcd(a, b)]〉, where [z] denotes the image of an integer z in Z/mZ. By
a slight abuse of notation we shall omit the brackets [ ] in what follows.
We write m = kn. Note that G ∼= Z/knZ × kZ/knZ. Let pi : F2 →
Z/knZ× kZ/knZ be an epimorphism. Write
pi(x) = ( ab ) and pi(y) = (
c
d ) .
It suffices to show that pi lies in the same Aut+(F2)×Aut(G)-orbit as
pi0 where
pi0(x) = ( 10 ) and pi0(y) = (
0
k ) .
Observe that 〈a, c〉 = Z/knZ. Using u and v (see Subsection 2.2)
we can thus apply an Euclidean algorithm to a and c to obtain some
ϕ ∈ Aut+(F2) such that
piϕ(x) = ( εb′ ) and piϕ(y) = (
0
d′ )
with ε ∈ (Z/knZ)∗. Now observe that 〈( εb′ ) , (
0
d′ )〉 = Z/knZ×kZ/knZ.
In particular there are α1, α2 ∈ Z/knZ such that α1 (
ε
b′ )+α2 (
0
d′ ) = (
0
k ).
For these we find α1ε = 0 so that α1 = 0. Moreover this shows that
α2d
′ = k. Hence 〈d′〉 = kZ/knZ, i.e. ord(d′) = n. We can thus find a
suitable power ue of u such that
piϕue(x) = ( ε0 ) and piϕu
e(y) = ( 0d′ ) .
Since ord(ε) = kn = ord(1) and ord(d′) = n = ord(k) we can define an
automorphism φ of Z/knZ × kZ/knZ by φ(( ε0 )) = ( 10 ) and φ((
0
d′ )) =
( 0k ). Then φpiϕu
e = pi0 and the lemma follows. 
For cyclic groups we shall choose the epimorphism
pi : F2 −→ Z/mZ, x 7−→ 1, y 7−→ 0.
It is easily seen that then
(3.2) ρ(Γ+(Z/mZ, pi)) = Γ1(m).
For groups of the form Z/mZ× Z/nZ where n | m we choose
pi : F2 −→ Z/mZ× Z/nZ, x 7−→ ( 10 ) , y 7−→ (
0
1 ) .
Then
(3.3) ρ(Γ+(Z/mZ× Z/nZ, pi)) = Γ(m,n).
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We can now easily obtain Theorem 1.1 as follows. By the above lemma,
[Aut+(F2) : Γ
+(G, pi)] is independent of the choice of pi. Moreover, by
(3.1) this index is equal to [SL2(Z) : ρ(Γ
+(G, pi))]. Lemma 2.1 together
with (3.2) and (3.3) provides the desired formulas.
The results in this section lead to a general formula for the indices
of the congruence subgroups Γ(a, b) with arbitrary a, b ∈ N.
Corollary 3.2. Let a, b ∈ N. Then
[SL2(Z) : Γ(a, b)] = nm
2
∏
p|m
p prime
(1−
1
p2
),
where m = lcm(a, b), n = gcd(a, b).
Proof. The group Γ(a, b) occurs as the image under ρ of Γ+(G, pi) where
G = Z/aZ × Z/bZ. Since G ∼= Z/mZ × Z/nZ, we obtain [SL2(Z) :
Γ(a, b)] = [SL2(Z) : Γ(m,n)]. Now apply Lemma 2.1. 
4. Congruence Subgroups associated to Dihedral Groups
Let n ≥ 3. A presentation of the dihedral group Dn is given by
Dn = 〈r, s | r
n = 1, s2 = 1, rs = sr−1〉.
The group contains exactly 2n elements, namely
1, r, r2, . . . , rn−1, s, sr, sr2, . . . , srn−1.
If n is odd, the center Z(Dn) of Dn is trivial. For even n its center has
order 2 and we have Z(Dn) = 〈r
n
2 〉. We choose the epimorphism
pi0 : F2 −→ Dn, x 7−→ r, y 7−→ s
and consider Γ+(Dn, pi0). By the following result this already covers
the general case.
Lemma 4.1. The action of Aut+(F2) on the set R2(Dn) is transitive.
Proof. An arbitrary epimorphism of F2 onto Dn can have one of the
following forms.
pi1 : F2 → Dn pi2 : F2 → Dn pi3 : F2 → Dn
x 7→ rk x 7→ srk x 7→ srk
y 7→ srl y 7→ rl y 7→ srl
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with suitable k, l ∈ Z. Let us first consider the type pi1. Observe
that (rk)n = (srl)2 = 1 and rksrl = srl(rk)−1. We may thus define
an endomorphism φ : Dn → Dn by φ(r) := r
k and φ(s) := srl. Since
〈rk, srl〉 = Dn, this endomorphism is onto. Hence φ is an automorphism
of Dn. It follows that pi1 = φpi0 and hence ker(pi1) = ker(pi0). Now we
consider an epimorphism of the form pi2. Let ϕ be the automorphism
of F2 given by ϕ(x) := y
−1 and ϕ(y) := x. Then ϕ ∈ Aut+(F2)
and pi2ϕ(x) = r
−l, pi2ϕ(y) = sr
k. Now pi2ϕ is an epimorphism of the
form pi1. Hence ker(pi2ϕ) = ker(pi0), that is ker(pi2) = ϕ(ker(pi0)). Let
u ∈ Aut+(F2) as in Subsection 2.2. Observe that pi3u(x) = r
l−k and
pi3u(y) = sr
l so that pi3u is again of the form pi1. We can thus argue as
before. 
Let us now consider the index [Aut+(F2) : Γ
+(Dn, pi)]. By Corol-
lary 1.5 we have
[Aut+(F2) : Γ
+(Dn, pi)] = [SL2(Z) : ρ(Γ
+(Dn, pi))] · [Dn : Z(Dn)].
Note that
[Dn : Z(Dn)] =
{
2n, if n is odd
n, if n is even.
Next we show that the image ρ(Γ+(Dn, pi)) is conjugate to Γ1(2), if n
is odd and to Γ(2), if n is even. As before, let pi0 : F2 → Dn be the
epimorphism defined by pi0(x) = r and pi0(y) = s. Lemma 4.1 yields
that every Γ+(Dn, pi) is conjugate to Γ
+(Dn, pi0), so we only need to
consider the image of Γ+(Dn, pi0) under ρ.
Let u, v and αx ∈ Aut
+(F2) be as defined in Subsection 2.2. Observe
that the following automorphisms are in Γ+(Dn, pi0):
u2 =
{
x 7→ xy2
y 7→ y
vn =
{
x 7→ x
y 7→ xny
α−1x v
2 =
{
x 7→ x
y 7→ xyx
α−1x (u
−1v)3 =
{
x 7→ y−1x−1y
y 7→ y−1
The images of the above automorphisms under ρ are given by ( 1 02 1 ),
( 1 n0 1 ), (
1 2
0 1 ) and
(
−1 0
0 −1
)
, respectively. For n odd we thus have
ρ(Γ+(Dn, pi0)) ≥ 〈( 1 02 1 ) , (
1 1
0 1 )〉 = Γ1(2)
and for n even we have
ρ(Γ+(Dn, pi0)) ≥ 〈
(
−1 0
0 −1
)
, ( 1 02 1 ) , (
1 2
0 1 )〉 = Γ(2).
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Moreover we know from Subsection 2.4 that ρ(Γ+(Dn, pi0)) is a sub-
group of ρ(Γ+(Dabn , p¯i0)), where p¯i0 is the epimorphism pi0 followed by
the natural projection onto the abelian quotient Dabn = Dn/D
′
n. We
have
Dabn = 〈s¯ | 2s¯ = 0〉
∼= Z/2Z, for n odd,
Dabn = 〈r¯, s¯ | 2r¯ = 0, 2s¯ = 0, r¯ + s¯ = s¯+ r〉
∼= (Z/2Z)2 for n even
where r¯ and s¯ are the images of r and s inDabn . From Section 3 we know
ρ(Γ+(Z/2Z, p¯i0)) = Γ1(2) and ρ(Γ
+((Z/2Z)2, p¯i0)) = Γ(2) and hence
ρ(Γ+(Dn, pi0)) =
{
Γ1(2), if n is odd
Γ(2), if n is even.
By Lemma 2.1 we thus have
[SL2(Z) : ρ(Γ
+(Dn, pi))] =
{
3, if n is odd
6, if n is even.
Altogether we find that [Aut+(F2) : Γ
+(Dn, pi0)] = 6n, which proves
the first part of Theorem 1.2.
In the above calculation we used four automorphisms contained in
Γ+(Dn, pi0). Now we show that these actually generate Γ
+(Dn, pi0),
thereby proving the second part of Theorem 1.2.
Proposition 4.2. The group Γ+(Dn, pi0) is generated by the four au-
tomorphisms u2, vn, α−1x v
2, and α−1x (u
−1v)3.
Proof. The main strategy of the proof is to compute generators of
Γ+(Dn, pi0) using the Reidemeister method [8, Theorem 2.7] and then
show that each generator can be written as a product of u2, vn, α−1x v
2
and α−1x (u
−1v)3.
Recall the following exact sequence
1 −→ T2 ∩ Γ
+(Dn, pi0) −→ Γ
+(Dn, pi0)
ρ
−→ ρ(Γ+(Dn, pi0)) −→ 1.
By this sequence Γ+(Dn, pi) is generated by the generators of T2 ∩
Γ+(Dn, pi0) together with preimages of the generators of ρ(Γ
+(Dn, pi0)).
We first consider the case where n is odd. In this case the center
of Dn is trivial. So Inn(Dn) ∼= Dn and thus Lemma 2.3 yields an
isomorphism
T2 ∩ Γ
+(Dn, pi)\T2
∼=
−→ Dn, [αw] 7−→ pi(w).
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Hence a set of right coset representatives of T2 ∩ Γ
+(Dn, pi) in T2 is
given by
idF2 , αx, αx2 , . . . , αxn−1 , αy, αyx, . . . , αyxn−1 .
We can now use the Reidemeister method to find that T2 ∩ Γ
+(Dn, pi)
is freely generated by
αxn, αy2 , αyxny−1 ,
αxkyxk−ny, αyxkyxk−n (1 ≤ k ≤ n− 1).
In the above computation we already showed that
ρ(Γ+(Dn, pi0)) = Γ1(2) = 〈( 1 02 1 ) , (
1 1
0 1 )〉.
Let
ϕ1 =
{
x 7→ xy2
y 7→ y
and ϕ2 =
{
x 7→ x
y 7→ x
1−n
2 yx
n+1
2
so that ρ(ϕ1) = ( 1 02 1 ) and ρ(ϕ2) = (
1 1
0 1 ). An easy computation shows
that these are elements of Γ+(Dn, pi0). Hence Γ
+(Dn, pi0) is generated
by
ϕ1, ϕ2, αxn, αy2 , αyxny−1 ,
αxkyxk−ny, αyxkyxk−n (1 ≤ k ≤ n− 1).
To ease notation we set
γ1 := u
2, γ2 := v
n, γ3 := α
−1
x v
2 and γ4 := α
−1
x (u
−1v)3.
It is elementary to verify that
ϕ1 = γ1, αxn = γ
2
2γ
−n
3 ,
ϕ2 = γ
−1
2 γ
n+1
2
3 , αy2 = γ
−1
1 γ
−1
4 γ1γ4,
αxkyxk−ny = γ
k
3γ4α
−1
y2
αxnγ
−k
3 γ4, αyxny−1 = γ
−1
4 α
−1
y2
α−1xnαy2γ4,
αyxkyxk−n = αy2γ4γ
k
3γ
−1
4 γ
−k
3 α
−1
xn .
Now we consider the case where n is even. In this case the center
of Dn is cyclic of order 2, generated by r
n
2 . By Lemma 2.3 we have an
isomorphism
T2 ∩ Γ
+(Dn, pi)\T2
∼=
−→ Z(Dn)\Dn ∼= Dn
2
.
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Analogous to the previous case we obtain that T2 ∩ Γ
+(Dn, pi) is freely
generated by
α
x
n
2
, αy2 , αyx
n
2 y−1
,
α
xkyxk−
n
2 y
, α
yxkyxk−
n
2
(1 ≤ k ≤
n
2
− 1).
Furthermore, we have seen above that
ρ(Γ+(Dn, pi0)) = Γ(2) = 〈( 1 02 1 ) , (
1 2
0 1 ) ,
(
−1 0
0 −1
)
〉.
The automorphisms
ϕ1 =
{
x 7→ xy2
y 7→ y
, ϕ3 =
{
x 7→ x
y 7→ xyx
and ϕ4 =
{
x 7→ y−1x−1y
y 7→ y−1
are in Γ+(Dn, pi0) and also preimages of the generators of Γ(2). So
Γ+(Dn, pi) is generated by
ϕ1, ϕ3, ϕ4, αx
n
2
, αy2 , αyx
n
2 y−1
,
α
xkyxk−
n
2 y
, α
yxkyxk−
n
2
(1 ≤ k ≤
n
2
− 1).
Similarly to the previous case we can write
ϕ1 = γ1, αx
n
2
= γ2γ
−n
2
3 ,
ϕ3 = γ3, αy2 = γ
−1
1 γ
−1
4 γ1γ4,
ϕ4 = γ4, αyx
n
2 y−1
= γ−14 α
−1
y2
α−1
x
n
2
αy2γ4,
α
xkyxk−
n
2 y
= γk3γ4α
−1
y2
α
x
n
2
γ−k3 γ4,
α
yxkyx
k−
n
2
= αy2γ4γ
k
3γ
−1
4 γ
−k
3 α
−1
x
n
2
.
This completes the proof. 
5. A Remark on the Congruence Subgroup Problem
Let G be a finite group and pi : F2 → G be an epimorphism. As we
have seen in Sections 3 and 4, the image ρ(Γ+(G, pi)) is a congruence
subgroup of SL2(Z), if G is abelian or dihedral. One might expect that,
more general, ρ(Γ+(G, pi)) is a congruence subgroup if G is solvable.
We now show that this is false.
Proposition 5.1. There is a solvable group G and an epimorphism
pi : F2 → G such that ρ(Γ
+(G, pi)) is not a congruence subgroup of
SL2(Z).
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A connection to the congruence subgroup problem for Aut+(F2) is
given by
Corollary 5.2. There is a finite-index subgroup of Aut+(F2) which
does not contain any Γ+(G, pi), where G is abelian or dihedral.
Let us explain how one can verify the above proposition. All com-
putations in what follows were carried out by MAGMA. Computer
experiments show that for G solvable of order less than 128, the im-
age ρ(Γ+(G, pi)) is a congruence subgroup of SL2(Z). Note that these
groups G are metabelian. There are exactly four non metabelian solv-
able groups of order 128 which can be generated by two elements. One
of them, call it G, admits a presentation on the generators g1, g2, g3,
g4, g5, g6, g7 subject to the following relations
g21 = g4, g
g1
2 = g2g3, g
g2
5 = g5g7, g
g5
6 = g6,
g22 = 1, g
g1
3 = g3g5, g
g3
5 = g5g7, g
g1
7 = g7,
g23 = 1, g
g2
3 = g3, g
g4
5 = g5g7, g
g2
7 = g7,
g24 = 1, g
g1
4 = g4, g
g1
6 = g6g7, g
g3
7 = g7,
g25 = g7, g
g2
4 = g4g5g7, g
g2
6 = g6g7, g
g4
7 = g7,
g26 = 1, g
g3
4 = g4g6g7, g
g3
6 = g6, g
g5
7 = g7,
g27 = 1, g
g1
5 = g5g6, g
g4
6 = g6, g
g6
7 = g7.
One can verify that G is generated by g1 and g2. The commutator
subgroup G′ is generated by g3, g5, g6, g7. Further, [G
′, G′] is generated
by g7. Hence G is solvable and has derived length 3. We choose the
epimorphism
pi : F2 −→ G, x 7−→ g1, y 7−→ g2.
Now we compute generators of Γ+(G, pi). To this end we choose random
elements ϕ ∈ Aut+(F2) and and collect those for which piϕ = pi in a set
M untilM generates a finite-index subgroup of Aut+(F2). Let u, v, αx,
αy ∈ Aut
+(F2) be as in Subsection 2.2 and set p := α
−1
x u
−1vu−1 and
q := α−2x u
−1vu−2. By the above process, we obtain [Aut+(F2) : 〈M〉] =
6144 where M is the set given in Table 1. Since, by construction,
〈M〉 ≤ Γ+(G, pi), we have [Aut+(F2) : Γ
+(G, pi)] ≤ 6144. We can
compute the length of the orbit of pi under the Aut+(F2)-action on the
set of epimorphisms E2(G) (see Section 2.3) to obtain
[Aut+(F2) : Γ
+(G, pi)] = |Aut+(F2) · pi| = 6144
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(pq−1)4, (q−1p)2,
(p−1q−1p2)4, p−2q−1pq−1p−1,
p−1q−1p−1qp−1qp−1q−1p−1qp−2qp2qpq−1p−1qp−1qp−1qpq−1,
p−1q−1p−1qpq−1pq−1pq−1p2qp−1qp−1qp−1q−1pqp−1,
qpqp−1q−1pq−1p−1qp−2q−1pq−1pqpqpqpqpq−1p2,
p−1q−1p−1qp−1qp−1qp−2q−1p2qp−1qp−1qp−1qpq−1,
qp−1q−1p−1q−1pq−1p−1qp−2qp−1qp2qp−1qp−1q−1p−1q−1,
p−1q−1p−1qpq−1pq−1pqp−1qpqpqpq−1pq−1pqpq−1,
q−1p−1qp−1q−1p−1qp−1q−1pq−1pqp2qpq−1p−1qpq−1p−1q−1,
qp−1q−1p−1q−1p−1qpq−1p2qp−1q−1pqp−1qpq−1,
p−1q−1pqp−1q−1p−1qp−2qp−2qp2q−1p2q−1p2q−1pqpq−1p−1qp−1,
qp−1q−1p−1q−1pqpq−1p2qp−1q−1pqp−1qp−1q−1,
p−2qp−1q−1p−1qpqp−1qpqpqpqpq−1p−1qp,
p−1q−1pqp−1q−1p−1qpq−1p−2qp−1q−1p2q−1p2q−1p2q−1p−1qpq−1pqp,
p−1q−1p−1q−1p−1qp−1qpq−1pqpqp−1q−1pqp−1q−1p−1qp,
qpqp−1q−1p−1qp−2q−1pqpq−1p2q−1p2q−1pqpq−1pq,
p−2qpq−1p−1qp−1qp−1qp2q−1pq−1pq−1pqp−1q−1,
p−1q−1p−1qpqp−1q−1p−1qp2q−1pqp−1q−1pq−1p−1qp,
p−1q−1p−1qp−1qpq−1p−1qp2q−1pqp−1q−1p−1q−1pqp,
p−1q−1p−1qp−1qpq−1p−2q−1p−1qpq−1p2q−1pq−1pqpqp,
qp−1q−1p−1q−1pqp−1qp−1qp−1q−1pqp−1q−1,
qpq−1p−1qpqp−1qpqpqpqpqpq−1p−1q−1,
q−1p−1qp−1qp−1qp−1qp−1qp−1qp−1qp−1q−1,
p−1q−1p−1qp−1q−1pqpq−1pq−1p2qp−1qp−1q−1p−1qpq−1p−1qp,
qp−1q−1p−1qp−1qp−1q−1p−1qpqpq−1p−1qp−1qp−1q−1pqp,
p−1q−1p−1qp−1q−1p−1qp−1qp−1qp−1q−1pq−1pqp,
p−1q−1pqpq−1p−1qp−1qp−1qpq−1p−1q−1pqp,
qpqp−1q−1pqp−1q−1p−1q−1pqp2q−1pqp−1qpq−1pq−1p−1qp
Table 1. The Elements of M .
This shows that 〈M〉 = Γ+(G, pi). It is now easily verifed that ρ(Γ+(G, pi))
is generated by the elements given in Table 2. Here e1 and e2 are the
generators of SL2(Z) given in Subsection 2.2.
Let us assume that ρ(Γ+(G, pi)) is a congruence subgroup. Then we
can determine the level of ρ(Γ+(G, pi)), which is by [6, Lemma 2.3] the
smallest positive integer a such that ρ(Γ+(G, pi)) contains the normal
closure 〈ea2〉
SL2(Z). Clearly we have 〈ea2〉
SL2(Z) ≤ ρ(Γ+(G, pi)) if and only
if sea2s
−1 ∈ ρ(Γ+(G, pi)), where s runs through a set of coset repre-
sentatives of ρ(Γ+(G, pi)) in SL2(Z). By an easy MAGMA computa-
tion we obtain the level a = 8. Now [6, Theorem 2.5] implies that
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e2e
2
1e
3
2e1e
2
2e
−1
1
, e42,
e−2
2
e−1
1
e−6
2
e1e
−1
2
e1e
−1
2
e1e
−1
2
e1, e
−4
2
,
e2
2
e1e
6
2
e1e
−1
2
e1e
−1
2
e1e
−1
2
e−1
1
, (e2e1e2)
4,
e−1
2
e−5
1
e−1
2
e−1
1
e−1
2
e1, e
−2
2
e−1
1
e−4
2
e−1
1
e−2
2
e21,
e2e1e2e1e
2
2
e1e
2
2
e1e2e1e
−1
2
e1e
−1
2
e1e
−1
2
e−1
1
, e2
1
,
e−1
2
e−1
1
e−2
2
e−4
1
e−2
2
e−1
1
e−1
2
e1e
−1
2
e1e
−1
2
e1e
−1
2
, e−1
2
e−6
1
e−1
2
e1e
−1
2
e1e
−1
2
e1e
−1
2
,
e2e1e
6
2
e1e2e1e
−1
2
e1e
−1
2
e1e
−1
2
, e−2
2
e−7
1
e−2
2
e1e
−1
2
e1e
−1
2
e1e
−1
2
e1,
e−1
2
e−1
1
e−1
2
e−3
1
e−3
2
e1e
−1
2
e1e
−1
2
e1e
−1
2
e1, e
−1
1
e−1
2
e−2
1
e−1
2
e1e
−1
2
e1e
−1
2
e1e
−1
2
e1,
e−1
2
e−6
1
e−1
2
e1e
−1
2
e1e
−1
2
e1e
−1
2
e21
Table 2. Generators of ρ(Γ+(G, pi)).
ρ(Γ+(G, pi)) contains the principal congruence subgroup Γ(8). How-
ever, e−11 e
−1
2 e
−2
1 e
−2
2 e
−11
1 e
−3
2 e
−1
1 e2e
−1
1 e2e
−1
1 e2e
−1
1 e2 = (
−327 −80
560 137 ) is obvi-
ously an element of Γ(8) but not contained in ρ(Γ+(G, pi)). Hence
Γ(8) 6≤ ρ(Γ+(G, pi)), contradiction. It follows that ρ(Γ+(G, pi)) cannot
be a congruence subgroup of SL2(Z).
References
[1] M. Asada, The faithfulness of the monodromy representations associated with
certain families of algebraic curves. J. Pure Appl. Algebra 159 (2001), no.
2–3, 123–147.
[2] H. Bass, M. Lazard, J-P. Serre, Sous-groupes d’indicis finis dans SL(n,Z).
Bull. Am. Math. Soc. 70 (1964), 385–392.
[3] F. Diamond, J. Shurman, A First Course in Modular Forms. Springer Ver-
lag, New York – Heidelberg – Berlin, 2005.
[4] R. Fricke, F. Klein, Vorlesungen u¨ber die Thoerie der automorphen Funk-
tionen. B. G. Teubner Verlagsgesellschaft, Stuttgart, 1890–1892.
[5] F. Grunewald, A. Lubotzky, Linear Representations of the Automorphism
Group of a Free Group. arXiv:math.GR/0606182, 2006.
[6] F. Grunewald, J. Schwermer, On the concept of level of SL2 over arith-
metic rings. Israel Journal of Mathematics, 114 (1999), 205–220.
[7] D. L. Johnson, Presentations of Groups. Cambridge University Press, Cam-
bridge, 1976.
[8] W. Magnus, A. Karrass, D. Solitar, Combinatorial Group Theory. John
Wiley & Sons, Inc., New York, 1966.
[9] J. L. Mennicke, Finite factor groups of the unimodular group. Ann. Math.
(2) 81 (1965), 31–37.
[10] B. H. Neumann, H. Neumann, Zwei Klassen charakteristischer Untergrup-
pen und ihre Faktorgruppen. Math. Nachr. 4 (1951), 106–125.
[11] D. J. S. Robinson, A Course in the Theory of Groups Springer Verlag, New
York – Heidelberg – Berlin, 1982.
18
Mathematisches Institut der Heinrich- Heine- Universita¨t, 40225
Du¨sseldorf, Germany.
E-mail address, D. Appel: Daniel.Appel@uni-duesseldorf.de
E-mail address, E. Ribnere: Evija.Ribnere@uni-duesseldorf.de
19
